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Determination of Internal Gas Flows by a
Transient Numerical Technique

RAYMOND A. SERRA*
Pratt and Whitney Aircraft, East Hartford, Conn.

A time-dependent numerical method is developed for inviscid mixed subsonic-supersonic flows with shocks. The
analysis is based on the Lax-Wendroff procedure but adds special treatments of the boundary conditions, a mapping
of the physical contours and a damping term to provide stable solutions for planar and axisymmetric passages of
arbitrary shape. Both transient and steady-state flows are computed with special emphasis being placed on the
analysis of rapidly accelerating flows in axisymmetric ducts with sharp wall curvature. Results obtained compare
favorably with experimental data and with prior analyses in those restricted regions where they have been applicable.
In particular, excellent agreement is achieved between the present theory and experiment for the previously un-
solved case of mixed flows in nozzles involving rapid subsonic contractions, sharp wall curvature at the throat and
shocks in the supersonic flow portion. Here normal comparison parameters such as centerline and wall Mach
number distributions, sonic line position and discharge coefficient are matched to a high degree of accuracy.

I. Introduction

IN recent years a better understanding of the flow behavior and
improved performance evaluations for rapidly expanding duct

flows with shock waves have assumed considerable importance
for many propulsion applications. This particularly applies to
rapidly accelerating flows in nozzles characterized by a rapid
contraction at the entrance, sharp wall curvature at the throat
and near parallel flow at the exit.

For such nozzles the prediction of streamline distribution, dis-
charge coefficient and downstream flow conditions, all of which
determine the over-all thrust, is strongly affected by the repre-
sentation of the possible shock pattern in the divergent section of
the nozzle and by the nature of the analytical approximations
that are made in the neighborhood of the throat and in the
convergent nozzle section. Moreover, all of these flow conditions
in turn affect the boundary-layer and heat transfer calculations
which also have a significant influence on the performance predic-
tion. Thus, there is a substantial need for accurate solutions of
mixed flows throughout the entire passage of a nozzle.

In the past, progress in this area has been significantly
hampered by the difference in the mathematical character of the
governing equations for the subsonic and supersonic regions. As
shown in Ref. 1, a survey of existing transonic nozzle solutions
indicates that the majority of these studies entail either separate
analyses in these regions which are matched across a transonic
region by locally introducing a simplified flowfield or alternately
involve an indirect approach where the channel contour is
constructed from a specified velocity distribution along a suitable
reference line.

In the-former case, the resulting simplifications have led to
solutions which provide inconsistent results near the matching
sections and are limited to irrotational flows in nozzles with
moderate wall curvature. On the other hand the sophisticated
techniques required by the inverse procedure for iteratively
matching centerline velocity distributions and computed stream-
lines with a prescribed boundary geometry are impractical for
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performance calculations and can produce unrealistic solutions
in regions far removed from the throat. Moreover, the inverse
procedure cannot be extended to rotational flows with shocks
since the irrotationality condition is basic to the logic of the
method.

The purpose of this paper is to overcome these limitations
by presenting a transient numerical method of analysis for
internal, inviscid, rotational flows with shocks over a wide Mach
number range (0 ̂  MN ^ 5) in either two-dimensional or axi-
symmetric finite nozzles. The validity of the method and the
computed flowfields are substantiated by comparisons with
experimental data.

II. Development of the Time Dependent
Equations of Motion

A time dependent solution which treats the mixed flow problem
as an initial value problem in time eliminates the need for
treating the flow regimes independently and provides a direct
approach for establishing the flowfield with a given boundary
geometry and specified entrance conditions. This then permits
either the solution of a true time dependent problem with
emphasis on the transient nature of the flow or the relaxation of
an initially assumed one-dimensional flow distribution to the
two-dimensional or axisymmetric steady state solution.

The present numerical procedure for solving the unsteady
equations of inviscid two-dimensional flow was originally formu-
lated by Lax and Wendroff2 and later extended to the axi-
symmetric case by Burstein.3 This technique has been applied to
the general nozzle problem by several authors, notably Moretti,
et al.,4 Prozan (as reported by Stephens5 and Back, et al.6), and
Wehofer and Moger.7 However, in general, their results suffer
from one or more serious shortcomings: the need for extensive
smoothing in the calculation of the subsonic flowfield, the
presence of numerical instabilities which arise from the formation
of incipient shocks in the supersonic flow region, and the
mathematical overspecification of the entrance flow conditions.
This has led either to poor accuracy in the flowfield which
resulted in the prediction of inaccurate nozzle discharge coeffi-
cients or to complex numerical procedures which require a
substantial amount of computation time.

In order to eliminate these limitations, it is necessary to
stabilize the numerical procedure in the vicinity of shocks and
to establish realistic flow conditions at the entrance. In the
present method this is achieved by including a numerical
damping term based on the work of Burstein3 and introducing
a modified boundary calculation at the entrance.
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The assumptions concerning the transient model are essentially
those made by Bur stein8: The flow is in viscid and adiabatic,
obeys the perfect gas law, has a constant molecular weight, but
may have specific heats which vary with temperature. For two-
dimensional (s = 0) and axisymmetric (s — 1) unsteady flow the
governing equations per unit volume are written in divergence
free form as the following vector equation:

Wt=-Fx-Gy-(8/y)H (1)
where

W=
L

M

E

M

F =

M

P
E + P/J

M

Here, p is the density, L and M are the x and y components of
momentum, respectively, E is the total energy [£= p(e+ |<?|2/2g/)]
and g and J are the gravitational and Joule's constants,
respectively. Pressure P is expressed in terms of the other
dependent variables by means of the equation of state
[P = P(p, eft.

The procedure for solving the equation system is based on a
second-order Taylor series expansion of the dependent variable
W in time

W(x, y, t + At) = W(x, y, t) +Wtbt+ Wn At2/2 (2)
and follows the methods of Refs. 2 and 8 except that the specific
heat ratio is allowed to vary with temperature. The evaluation of
the differentials dF, dG and dH in terms of the above dependent
variables enables Wtt to be expressed as

'
(3)

which, when combined with Eq. (1), establishes the basic equation
system to be solved as
W(x, y, t + AO = W(x, y, t) - (Fx + Gy

{[A (Fx + Gy + G
2 (4)

Here, the superscripts ~ and ~ refer to vector and matrix
quantities, respectively, and matrices _AL B and C, listed in
Appendix A, represent the Jacobians of F, G and H with respect to
W. A detailed derivation of the equation system and of the
matrix evaluation can be found in Ref. 1. The system is accurate
through second-order terms in At and is sufficient for the evalua-
tion of a continuously accelerating flowfield.

III. Transformation to a Rectangular Domain
The system is applied to passage areas bounded by x = 0 and

x = xmax and contained between the curves y = YL(x) and
y = Yv(x) as shown in Fig. la. Note that for axisymmetric flow
YL (x) ^ 0. Unfortunately, the application of finite difference
approximations to such a domain results in an unequally spaced
grid in the neighborhood of the solid contours which complicates
the formulation and frequently leads to numerical instabilities.

YL(x)

a) IN THE PHYSICAL PLANE

1.0

b) IN THE TRANSFORMED PLANE

Fig. 1 Passage area.

These difficulties can be avoided by mapping an arbitrary
passage into a rectangle from which an equally spaced mesh can
be obtained via the following transformation of the independent
spatial coordinates

£ - bx (5a)
and

fl = [y- YL(xft/[Yv(x)- YL(xft (5b)
The domain D in the physical x-y plane is now mapped into
the rectangular domain D in the £-77 plane with sides ranging
between 0 ̂  £ ^ focmax and 0 ̂  rj ^ 1 as shown in Fig. Ib.

Use of the chain rule enables the partial derivatives in the
physical plane to be expressed as ( )x = b ( )^ + a ( \ and
( ) , = £( \ where

f i = l / [ Y v ( x ) - Y L ( x f t , a= -P{fll(Yv)x'(Y^ + (YL)x}
and the scaling factor b is selected so that angles are approxi-
mately preserved under the transformation. The transformed
system now becomes

= W(x,y,t}- -H Af+

y
• -iy

+

(6,

IV. Equations in Finite-Difference Form
Let/jj designate the scalar value /(iA£, /Af/) for those values

of i and 7 within the domain D. Vectors are represented at a
point (iA£, 7 A?/) by a dual subscript and single superscript
notation, FtJ = FT (z'A^jA^), where the free superscript T desig-
nates the components of the vector. Similarly, the components of
a matrix at a point (iA£, jA^/) are denoted by the dual sub-
scripts and superscripts, A^ = ATtfl (iA£, 7'A^) where T and /z
denote rows and columns, respectively. The corresponding grid
network for an interior point construction is shown on Fig. 2.
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Setting _A{ = AT? == A, the finite difference expressions for
(AF^, (BG^n and (BF^ using central differences can be written
for an interior point (iA£, j&rj) as

(7a)

(7b)

r^-\- A l'fl F ^ — F *niJ " l" / ii-l>j ri.j ri-l.j
2 A J

FBG1 = y1 "J"

and

I F F V_ F M FT M 17 ^~|
- *+ 1 . J+ l r t ~ l , J + l , r i+ l . j ~ r i - l , j _

2\_ 2A 2A J

I F F *"— F ^_ * + 1 » J r t- l . j
2|_ 2A

,
2A

M~ni-l,j-l I
Jj (7c)

The resulting expression for W at time t+At is obtained
similarly by expression Eq. (6) in finite difference form as given
by Eq. (Bl) i n u Appendix B. A modified version of this
equation is required for the axisymmetric calculation along the
centerline as shown in Ref. 1.

The same difference equation is used at mesh points on solid
contours bounding the flow. The use of an internal flow con-
struction along the solid walls is achieved by using the reflection
principle to establish flow properties at external virtual grid line
points where the virtual grid line is a mirror image of the
internal grid line immediately adjacent and parallel to the con-
tour. In reality the principle is an approximate numerical
technique which requires that the momentum normal to a solid
wall be zero, the momentum tangent to a solid wall have a zero
gradient across the wall, and the density and energy gradients
across a solid wall be zero.

For a wall parallel to the x axis the reflection rule is simply
Pu±i = PU+I, Jk;±i — ̂ i j+i» Mij+i = — Mjj+i and £,-,;•+1 =
EJJ+I. The same rule applies for walls parallel to the y axis
except that L J ± i j = — L/+IJ and MJ+IJ = M,-+ij. For a curved

contour a more complicated construction is required which
includes the determination of normals to the solid boundary,
quadratic interpolation and the evaluation of derivatives in the
transformed plane. Details are given in Ref. 1.

The linear stability limit established for Eq. 4 by Lax and
Wendroff 2 can be expressed in the transformed plane as

A;

Fig. 2 Grid network for an interior point.

and is used as the basic stability criterion for all numerical
calculations described herein. Here, u and v are the x and y
components of velocity respectively, and a is the speed of sound.
Recently, Burstein3 has shown that numerical instabilities occur
in the present finite difference procedure when constructing
strong shocks in the vicinity of an axis of symmetry, transonic
flowfields in passages with gentle wall curvature, and stagnation
flows in the neighborhood of a blunt leading edge unless the
following damping term is introduced.

y [&X(DX&XW) + A^Z^A W)]

Here A* and Ay represent centered differences in the x and y
directions, respectively, where as Dx and Dy are the corresponding
dissipative matrices which are formulated in terms of A and B and
their respective eigenvalues.

V. Formulation of the Transient Problem
A primary objective of the paper is to construct subsonic as

well as subsonic-supersonic flow in a convergent-divergent finite
nozzle. The unique solution sought must satisfy the steady-state
equations of in viscid flow with the following prescribed boundary
conditions: 1) the nozzle contour, 2) three independent flow con-
ditions across the upstream subsonic entrance section, and 3)
either a single downstream flow condition if the flow remains
fully subsonic or, for supersonic exit flow, that the established
solution smoothly joins the subsonic (elliptic) and supersonic
(hyperbolic) portions of the flow. This formulation is totally con-
sistent with that required by a well-posed problem whose solution
is unique and continuous at the boundaries. In practice, condition
3 implies that once three independent upstream conditions are
given, the specification of one downstream condition, such as the
pressure, uniquely defines a fully subsonic flow where as in
subsonic-supersonic flow the "choking condition" provides the
sole requirement for the unique determination of the flow.

This solution is obtained by solving a transient, quasilinear,
initial value problem which satisfies the identical boundary con-
ditions and asymptotically reduces in time to the above steady
state problem. An asymptotic solution is constructed which is
continuous at the entrance and which satisfies the unsteady
equations of motion for the prescribed boundary conditions listed
above and for some initial flow distribution. This is unlike the
approach utilized in Ref. 9 which requires the a priori specifica-
tion of all upstream flow conditions and the subsequent
admittance of weak (discontinuous) solutions at the entrance.

If this transient problem is linearized, its well posedness can
be explicitly displayed through a uniqueness proof which employs
the general theory of Symmetric Positive Linear Equations by
Friedrichs.10 The extension to the present quasilinear equation
system is achieved by means of a standard iteration technique
described in Ref. 11. In carrying out the actual details,12 it can be
established through the stability and consistency of the associated
difference schemes that the time-independent solution to the
transient problem is indeed the solution to the original steady-
state problem.

In addition, it can be shown that the entrance and exit
boundary data must follow certain constraints. In particular, it is
found that the fourth entrance condition must be determined
from a relationship which is precisely the interior characteristic
compatibility condition. The compatibility relations for the
present equation system are obtained conveniently by rewriting
Eq. (1) as

Wt+AWx= -BWy-(ev/y)V (8)
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Fig. 3 Mach line construction at the entrance to a duct.
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This equation is then written in normal form by first obtaining
the eigenvalues (/y and eigenvectors (C9), g= 1,...,4 of the
matrix A from

C'[^-A,1]=0 (9)
where / is the identity matrix.

Noting that Eq. (9) possesses a nontrivial solution if and only
if | ,4 — A0/| = 0 enables the eigenvalues of A to be determined as
Aj_ = u, A2 = u + a, '^3 = u— a and A4 = u. The corresponding
eigenvectors are obtained by equating the vector components of
Eq. (9) to zero and requiring that the eigenvectors be linearly
independent. This leads to the following expressions for I9:
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Effect of mesh size on the finite-difference solution to the hammer
shock problem.

Equation (8) is now transformed into normal form by introduc-
ing the new vector, Z = U W, premultiplying the resulting equa-
tion by U, and applying the similarity transformation

f=UAU-1 (11)
Here, U is the matrix whose rows are the eigenvectors, (7"1 is
the inverse of U and T is the diagonal matrix with the eigen-
values lg as its diagonal elements. The above sequence of opera-
tions permits the desired normal form of the equation system to
be expressed as

Zt+fZx=-?Z-XZy-(ev/y)UV (12)
where

and
X = UBU~

As illustrated in Fig. 3, the characteristic directions defined by
dgO^Ot+lgOt+vOy (13)

show that the domain affecting an entrance point (1) at
t = r0 + At originates from a region which lies both upstream
and downstream of the entrance at t = t0. Therefore, the con-
straint is established from the compatibility relationship along
the u — a characteristic which emanates from the downstream
region. This is obtained by writing Eq. (12) in component
form and may be expressed as1

d3 (P) - (pa/g) d3 (u) = (pa2/g)vy - E (pv/y)a2/g (14)
Hence, the formulation of entrance, timelike, boundary condi-
tions is obtained by a priori specifying three independent flow
conditions and calculating the remaining flow parameter via
Eq.(14).

Similar arguments can be used to show that the formulation of
the downstream timelike boundary conditions must be specified
differently for subsonic and supersonic exit flows. In fully sub-
sonic flows one flow condition is specified at the exit and the
remaining flow parameters are obtained from the upstream com-
patibility relationships along the u and u + a characteristics. The
resulting time-dependent asymptotic solutions adjust to satisfy
the three inlet and one exit boundary conditions.

In subsonic-supersonic flows, no arbitrary flow conditions are
permitted to be prescribed at the nozzle exit. Here, an approxi-
mate initial flow distribution is assumed throughout the passage
and exit boundary conditions are obtained by a linear extra-
polation of the dependent variables at adjacent interior mesh
points along an v\ grid line. This simple procedure is permissible
only for a supersonic regime where the hyperbolic character of
the equation system prevents errors introduced by the extra-
polation from traveling upstream and affecting the interior flow
calculation.

——— PRESENT THEORY

———— CHERRY

Fig. 5

-2.0 -1.5 -1.0 -0.5 0 0.5

X/Yf(n ~ NONDIMENSIONAL DISTANCE FROM THROAT

Lines of constant Mach number in a two-dimensional modified
hyperbolic nozzle.
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To summarize, the boundary conditions which properly pose
the transient initial value problem are: 1) the nozzle contour,
2) three independent upstream flow conditions for subsonic
entrance flow, and 3) one (no) independent downstream flow
condition(s) for subsonic (supersonic) exit flow. In addition, an
initial flow distribution must be specified throughout the flow-
field.

It is exactly this formulation which forms the basis for
establishing the steady-state solutions displayed in Figs. 5-12.
Specifically, the boundary conditions used are: the nozzle con-
tours illustrated in the figures, entrance total pressure (P0) and
temperature (T0) plus an assumed linear variation for the entrance
flow angle, and the exit static pressure (Pe) for the fully subsonic
flow cases (see Figs, 7 and 12)."All initial flow distributions are
determined by means of a one-dimensional flow approximation.

The .values of F0, T0 and Pe are selected from available experi-
mental data; a linear flow angle variation is imposed in the
absence of any additional information. This selection of upstream
flow variables has been based solely on the availability of the
data and, as evidenced by the results, appears to be a realistic
representation of the actual entrance flow conditions for the
specific problems considered in the next section.

VI. Discussion of Results
Calculations using the present numerical technique were per-

formed on an 1108 Univac digital computer for inviscid flows
of mixed type in both two-dimensional and axisymmetric ducts.
Steady state solutions were obtained by employing a variable
grid spacing with spatial step size being varied during a calcula-
tion from a coarse (A = 0.1) to a relatively fine (A = 0.01) mesh.
The criteria utilized for establishing steady state conditions are to
match mass flow rates at prescribed axial locations to within
0.1% and to require during consecutive time steps that relative
differences of selected flow parameters be less than 0.001%.

One-Dimensional Results
The program was initially checked out with various simple

one-dimensional time-dependent problems, as typified by a
hammer shock problem. Here a steady supersonic airstream
(MN =.2) in a constant area duct of semi-infinite length is dis-
charged into the atmosphere. At some prescribed time the closing
of the duct exit produces a hammer shock which propogates
upstream and stagnates the oncoming flow. According to the
characteristic solution of Ref. 13, the shock passes a point 0.2 ft
upstream of the exit after 235 /isec and causes the static pressure
ratio to increase by a factor of 8.73.

Figure 4 displays the typically good agreement between the
pressure-time-distributions at a fixed location when the present
technique is compared to the method of characteristics. The
resolution time to approach the steady state rise with oscillations
not in excess of 1% of this value correspond to less than 100 jt/sec
for the fine mesh (A = 0.01) as compared to approximately

————— THEORETICAL RESULTS
OF THOMPSON

————— EXPERIMENTAL DATA
OF JACOBS
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Fig. 6 I so v els in a two-dimensional curved channel.
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Fig. 7 Subsonic Mach number distribution in a circular-arc nozzle with
R = 4.77.

5000 jitsec for the coarse mesh (A = 0.1). Hence, an order of
magnitude reduction in mesh size shortens the resolution time
by almost two orders of magnitude.

The possibility of achieving this fine resolution, though at the
expense of increased computer time, is of prime importance
for solving multiple and interacting transient shock problems.
For this problem, over-all computing times ran from two minutes
for the coarse mesh (121 points) to five and a half minutes for
the fine mesh (611 points).

Two-Dimensional Results
A classical two-dimensional mixed flow problem is the sonic

region of a convergent-divergent nozzle. Here the details of the
sonic line depend on both the slopes and curvatures of the nozzle
contour, especially in the vicinity of the throat. Figure 5 com-
pares the present computational results with the analytical
predictions of Cherry.14 Both solutions produce Mach number
profiles which are similar in shape but are slightly displaced from
each other with the direction of displacement changing in the
vicinity of the sonic line. This small shift may be attributed to
the different flow conditions formulated at the nozzle inlet.

The effect of throat curvature on the velocity profile distribu-
tion is shown in Fig. 6 for a two-dimensional circular-arc
channel. The results are compared to the modified series solution
of Thompson15 and the experimental data of Jacobs.16 Agree-
ment between experimental and computational results is within
the limits of experimental resolution except near the large radius
wall where the boundary layer has an important effect on
experimental results.

Axisymmetric Results
Checkout calculations for axisymmetrie nozzles permitted

comparison with the experimental results of Stanton17 for both
fully subsonic and subsonic-supersonic flows in a circular-arc
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8 Supersonic Mach number distribution in a circular-arc nozzle
with R = 4.77.
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Fig. 9 Mach number distribution in a 45°-15° conical nozzle.

nozzle with R, the ratio of radius of wall curvature to throat
half-height, equal to 4.77. For the case of highly subsonic flow,
the significant departure between Mach number variations on
longitudinal lines along the center and near the wall compares
well with experiment as shown on Fig. 7.

Agreement in the supersonic case (Fig. 8) is equally good along
the centerline although significant differences occur between
computation and experiment for the Mach number distribution
in the vicinity of the wall. A review of Stanton's paper suggests
that these differences may be attributed to local flow separation
which was observed during the experimentation.

Recent tests by Back et al.6'18'19 have provided extensive Mach
number distributions over a wide range of operating conditions
in a 45-15 convergent-divergent conical nozzle. This nozzle,
shown on Fig. 9, illustrates all the difficulties which in the past
have presented numerical techniques from accurately describing
the flow field throughout the entire passage. These include a rapid
contraction followed by a very large throat curvature and a
conical divergent section where incipient shocks form due to the
coalescence of Mach lines emanating from the junction between
the circular-arc throat and the divergent section.

As depicted by Fig. 9, the nozzle exhibits significant dif-
ferences between the wall and centerline Mach number distribu-
tions, The flow is characterized by a rapid expansion near the
wall at the throat and by a strong compression near the incipient
shock at the centerline. Figure 10 displays the effect of small
throat curvature ratio (R = 0.625) on the shape of the local
constant Mach number lines. Here, the calculated subsonic Mach
number profiles predict inflection points which are in good agree-
ment with those experimentally observed by Back.6 This excellent
agreement between measured and computed Mach numbers and
the accurate prediction of shock location and strength clearly
demonstrate the capability of the method to handle sharply
turning, inviscid, rotational flows. The resolution of the instan-
taneous drop in Mach number across the shock illustrated on

Fig. 9 could be improved at the cost of increased computing
time if the mesh size is refined beyond the value of A = 0.05
used herein. The present solution utilized a relatively fine grid
network consisting of 3000 mesh points and required a computing
time of approximately 80 min.

A further application of the procedure is the accurate deter-
mination of discharge coefficients which are important in the
performance predictions of propulsion nozzles. Here the present
program must be coupled with a boundary-layer program to
allow for both viscous losses and the flow distortion in the
neighborhood of the throat. The experimental data of Back, et al.6
yielded an average discharge coefficient of 0.985 for the 45-15
degree conical nozzle. This value represents the average for test
runs conducted at the higher stagnation pressures where local

J.P.L.
EXPERIMENTAL
MACH NUMBER PRESENT

DATA THEORY

2.0 2.5 ^3.0 3.5
X(IN) ~ AXIAL DISTANCE FROM NOZZLE INLET

Fig. 10 Constant Mach number lines in a 45°-15° conical nozzle.
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flow separation was either not encountered or found to be
insignificant. The present computation yields a discharge coeffi-
cient of 0.9862 where the inviscid numerical prediction is 0.9882
and the boundary-layer correction based on Bartz's program20

is 0.0020. The present prediction is appreciably closer to the
experimental result than the previous inviscid values of 0.990
and 0.982 computed by Prozan and Kliegel, respectively, as given
inRef. 6.

Finally, Fig. 11 displays the shape and area distribution in a
subsonic annular turbofan passage with-large slope and reverse
curvature. The corresponding inner and outer wall pressure
distributions for a stagnation to exit static pressure ratio of 1.5
are predicted and compared to experimental data obtained from
Ref. (1) as illustrated on Fig. 12. The good agreement shown
on this figure clearly demonstrates the ability of this method to
accurately solve highly subsonic inviscid flows with rapid turning.

VII. Summary and Conclusions
A time dependent method of analysis has been presented for

predicting rapidly accelerating rotational flows in ducts with
sharp wall curvature. Comparisons with experimental data show
the method to be satisfactory for a wide variety of two-
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Fig. 11 Annular turbofan passage.

dimensional and axisymmetric duct geometries. Computing
times for these solutions were significantly reduced by employ-
ing a variable mesh during the computation and ranged between
a minimum of two minutes for the one-dimensional hammer
shock problem (121 mesh points) to a maximum of 80 mih. for
the axisymmetric conical nozzle problem (3000 mesh points).

Excellent agreement is noted between the present theory and
experiment for the previously unsolved case of mixed flows in
nozzles involving rapid subsonic contractions, small throat
curvature ratios (R^ 1) and shocks in the supersonic flow
portion. Here normal comparison parameters such as axial
centerline and wall Mach number distributions, sonic line
position and discharge coefficient are matched to a high degree
of accuracy.

On the basis of the previous analysis, the method is primarily
recommended for those flow regimes where alternate procedures
are unsatisfactory such as in the construction of inviscid flow-
fields associated with the following duct configurations: 1) sharply
inclined annular ducts having reverse curvatures; 2) two-
dimensional and axisymmetric passages in which arbitrarily
oriented shocks may be expected to appear; and 3) rapidly
converging passages connected with throat sections having small
curvature ratio (R ̂  1).

Finally, with the advent of larger and higher speed computers,
the method appears to be promising for the solution of three-
dimensional time dependent problems involving inviscid, rota-
tional flows of mixed type.
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Fig. 12 Comparison between theoretical and measured passage-wall
distributions in an annular curved channel.

Appendix A: Representation of the Matrices A, B, and C

As shown in Ref. 1, the evaluation of the differentials dF, dG and dH in terms of the dependent variables (p, L, M, and E)
enables the matrices A, B and C to be expressed as
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where 7 is the ratio of specific heats.
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Appendix B : Finite-Difference Expression for W
The expression for W at time t+kt is obtained by using central differences to approximate the partial derivatives in Eq. (7) arid

is given by
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Jet-Flapped Wings in Very Close Proximity to the Ground
TERUHIKO KIDA* AND YOSHIHIRO MIYAI|

University of Osaka Prefecture, Osaka, Japan

The method of matched asymptotic expansions is applied to the problem of jet-flapped wings of finite span in very
close proximity to the ground. For the linearization of this problem, the order of small parameters, the angle of
attack and jet deflection, are assumed to be smaller than the ratio of the ground clearance to the root chord. This
linearized problem is solved as a direct problem represented by a source distribution on the upper surface of the wing
and jet sheet with concentrated sources around the leading and side edges plus a separate confined channel flow region
under the wing and jet sheet. The two-dimensional, jet-flapped airfoil is examined in detail, and the calculated lift
coefficients lie within 5% of corresponding results by Lissaman.1 In the three-dimensional case, a simple analytic
solution is obtained for a flat plate semi-elliptic wing with a straight trailing edge, zero angle of attack and uniform
momentum distribution of the jet. Spanwise lift distributions and lift coefficients are derived and the distributions of
the jet momentum are discussed for minimum induced drag.

Introduction

RECENTLY, the possibility of using aerodynamics to support
a high-speed ground transportation vehicle gives rise to an

interesting class of problems in which a lifting surface translates
in close proximity to a solid boundary.2'3 The problem of airfoil
section in ground proximity without jet flap (ram airfoils) has
already been the object of several studies. In Ref. 4, the potential
flow problem for two-dimensional flat plates in ground proximity
is solved exactly by conformal transformations. Recently, three-
dimensional problems have been solved by lifting surface theory
with solutions generally requiring a high-speed computer.5

A jet flap is formed by a high-speed jet which emerges from
a wing through a thin slit along its trailing edge. It affects the lift
both by direct momentum reaction on the internal ducting and by
changing the pressure distribution on the outer surface of the
wing (i.e., supercirculation). Since this can increase the lift while
most of the jet thrust is recovered as propulsion, the jet flap
represents a way of combining the lifting and propulsive systems
of jet aircraft. Early theoretical work for a two-dimensional wing
in ground proximity with jet flap was done by Huggett6 and
others using the principle of a simple lifting line. Since then,
Lissaman and the present authors gave an extension (by con-
formal transformation) to this ground effect problem,1'7 and we
applied the principle of the equivalence between the jet flap and
the mechanical flap to this problem.8

All of these approaches are quite reasonable for wings which
are not too close to the ground, such as might be encountered
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with an airfoil during takeoff and landing. However, when a
lifting surface is designed to take advantage of ground effect the
greatest interest lies in very close proximity. The theoretical work
without jet flap for this case was done by Widnall and Barrows,2'3
and the two-dimensional wing both with and without jet flap
was studied by Cooke9 using the principle of small perturbation
technique. In the latter work, the basic physical limitation occurs
when the jet curtain impinges on the ground and the numerical
calculations for the jet-flapped airfoil have only been made for
the half ground clearance to the chord, for the numerical methods
are more complicated as the ground is approached.

The expected range of operation of high-speed ground trans-
portation vehicles is such that the ratio of the ground clearance
of the root chord is less than 0.1.2>1Q Also, while theoretical
analysis of three-dimensional, jet-flapped wings have been
developed by Maskell and Spence,11 the effect of ground proxi-
mity has not been considered. In the present paper, the linearized
ground effect problem of two- and three-dimensional wings is
solved, using the method of matched asymptotic expansions as
applied by Widnall and Barrows2'3 to ram wings without jet
flap. An important feature of the present method is that this
problem is a direct problem, involving a known source distribu-
tion on the upper surface of the wing and jet sheet with concen-
trated sources around the leading and side edges plus a separate
confined channel flow region under the wing and jet sheet. Thus,
even for a general airfoil, the difficulties of inverting an integral
equation are avoided. Clearly, special expansions are required
in the flow region near the trailing edge which are different from
those of Ref. 2, because the Kutta Joukowski hypothesis at the
trailing edge is not imposed for the jet-flapped wing and the
boundary condition that the jet emerges from this edge at a
deflection angle is imposed at this point.


